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On Apportionment Algorithms in a Federal System

TETSUO IcHIMORIT!

The problem of assigning seats in the U.S. House of Representatives based
proportionally on the population of states is seemingly simple but to solve it is
not. The U.S. Constitution poses this apportionment problem and the issues of
which is the best method have been debated for more than 200 years. In fact,
it might be considered to be unsolvable. However, at least at this moment,
only one of Hill’'s and Webster’s methods is believed to solve the apportion-
ment problem. First it is shown that both methods favor the small states in
our model, which appears to disagree with an established opinion. Since Hill’s
method favors the small states more than Webster’s also in our model, the au-
thor’s conclusion is that Webster’s method is the best, which is outwardly the
same as Balinski and Young’s assertion.
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Table 1 Apportionments and divisor values for 5 methods.

State  Population Adams Dean Hill Webster  Jefferson
1 1,637 2 2 2 2 1
2 2,200 3 2 2 2 2
3 2,428 3 3 2 2 2
4 2,475 3 3 3 2 2
5 2,750 3 3 3 3 2
6 88,510 86 87 88 89 91
total 100,000 100 100 100 100 100
maxz  1,041.29 1,011.66  1,010.41  1,000.11 972.63
minz  1,029.19 1,011.58  1,000.13 990.00 962.07
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Fig.1 B&Y’s squares and regions in which the smaller is favored.
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Fig.2 Ernst’s squares and regions in which the smaller is favored.
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Table 2 Bias of the 1940 apportionment in U.S.A.

Adams Dean Hill ‘Webster Jefferson
80.67%  61.79%  61.79%  60.64% 27.66%
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Table 3 Bias of the 2000 apportionment in Japan.

Adams Dean Hill Webster Jefferson
71.60%  62.26%  60.32%  55.13% 32.93%

04 00000 1000000000000
Table 4 Average bias over 10* hypothetical apportionments in U.S.A.

Adams Dean Hill ‘Webster Jefferson
75.61%  58.89%  56.84%  54.78% 35.95%

gbobooobooobooooooodoooOoboooOoO0obOOo0 10b0ob00oboboOoboboOoDo
O000000000O0O0O00000000000D0D0 s=500h=4350000000
4000000002000 000000000000000000O0000C00ODO0O0O0 50
goboooooooooobooobooonos4ooboooooooooobooonoooboo
goooOoo200000000000000000 200 e68000000000000
goboooooooooooooboooboobooooo

gooooooooooooboboooooobooooooobooboooooobobooObOoOoo
goooooobooooooboooooooobobooboooobooboobobobOooo
004000000000000050% 00000000000 40000000000
00000000o00os% 000000000000

9. 0 Ooon

goboooboooooobooooboboooboosboooooooooooooooo
gbobooboooobooboodobooooooooooobooboooboooboOooobooono
goooobooooboobooooooboooooooboboOooobobooOoboOooooooooOoDoboo
gobooooooobobooooboooooooobobooboooobo0oooOoOoOobooboOooDoo
gboboobooooboooodoboooboooobooooooobooOooOobooboooo
goooooooooobooooooobooooooooOoboobobobOoboOobOoOoOobooObo
gooboooobooooboooobooob sooboobooobooobboOooboboOoooOoo

go4000000000O0O000O0ODOOODOOOOOOODOOOOOOOOODDOO
gbobobobobooooobobooboboobon

goboboooooooobooboooooooooooooooooooooooooboo
gobooooooood

g o O 0O

1) Huntington, E.V.: The Apportionment of Representatives in Congress, Transac-
tions of the American Mathematical Society, Vol.30, pp.85-110 (1928).

2) Willcox, W.F.: The Apportionment of Representatives, The American Economic
Review, Vol.6, No.1, Supplement, pp.3—16 (1916).

3) Bliss, G.A., Brown, E-W., Eisenhart, L.P. and Pearl, R.: Report to the President
of the National Academy of Science (1929).

4) Morse, M., von Neumann, J. and Eisenhart, L.P.: Report to the President of the
National Academy of Science (1948).

5) Stevens, J.: Opinion in United States Department of Commerce v. Montana, 112
Supreme Court 1415 (1992).

6) Balinski, M.L. and Young( H.P.: Fair Representation, Yale University Press, New
Haven, CT (1982). 0 00000000 MMOUOOOOOOOOO0O (1987).

7) Ernst, L.R.: Apportionment Methods for the House of Representatives and the
Court Challenges, Management Science, Vol.40, No.10, pp.1207-1227 (1994)0

(0021040 12000)
(0021090 11000)

o oooogoo

OO0 2800000700000 O0DOOOOOOOOODOOOOOO
gbobodoobooooboooboobooOobobooeooboOoOoOoOoOO
gobooobooooesbbooobooouobobooobOoOooonoson
goooobooooooboooOooooooobooboOooooOoDbOoOoOoOoo
gboboodouoe2bbbObOOO0OOOOODOOOOUOOOOOOOOODOO
gooboodooboooobooooboobooooboooobooOoObOoOobooOoOoOobboOoobboOonooo

00o0oooooog Vol 50 No. 12 3127-3135 (Dec. 2009)

(© 2009 Information Processing Society of Japan



