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1. Introduction

Agda [5] 1% Haskell (24l f>C % R D KAF 1 %
AWz B RS R O 70 75 IV TS
THhd. TOTV73I VI E5E L EHE B
DOHEZFF> TV I ENE, MhzFEELDD
ZTOEYMZHAFTEILICEL TS EEDN
TWd., 22T, IEMIMEIKTFE T D2 ZED
ZLDTEZHRDZILTHY, HIAIE List n (nld
HAE) LS RIE TRY n DV AN 20D ik
EEOBOZIETHD. IhEIGHTS & Mot A
EROH] REERBTDHILEWREICRDS. F
72, Agda IFGEARELUTI VT« v L 7RI
4] IED VTV B,

MRER
HFRIE S &, RDES/ZBIINT 1 V4T
) R FAM AR E NY T MLE S 225 <
FEETED (1. 72, MFov 25757075
NTERIIS DM 2 I GG IR RIS DR D -
DO ERATRT 7075 ANETS (6]
RE, KFEOE~ DHAVIGHAPH S ND &S
IZBR>TETWVS.

UL, SZCRINTWDIEF oy 21X, Hiid
BERORHOENUHI—FIZL>TERZLNT
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WBZEERELTWD., Zhlk, FEEHROR %
GOTHEZHERL LD L 925 L, D unification
MRREIZR B A, B unification % Agda TH
HI2DIFIMHETIIRNZOTHD.

—77 McBride &, BIZEBOK = HPITEHT
52 THREEIIR>-HIREM>T (DF V) EIR
PEDSHH 5 22 T) BD unification 2 KHTE D
ZegRUE 3. S, Agda THEUEHRE S
TELLEENES/-Z 2B RLTWS.

Z ZTARTIE Agda OEFEHE2HWT,
IEMEDMRAE I N B Am e 2 MRS 5. Agda T
AR 2 AW TR R 2 EET L L DR
&, »28 %D Term 125 LT Well-Typed
7213 Well-Scoped % Term 7Z1}#& 2 TEL Z &2
TELMTHD. 2FY, RawR Term #E 5>
TEEHEGICEHEZRERICN T T Well-Typed &
Term # HHTE2L VW52 THD. ZORHE
X707 T AMERE, I EIERGEIKEIOD
DTHY, Hle U T FTM#ARD RGN 72 &
T, Static ZIEH ¥ Dynamic ZIEDHEZEHHT S
IENTEDRLEDHENE LI ND L TRY
n3.

3. Syntax and Type Definition

AROMHERER TS Syntax IZLA TR D@D T
Hd. ZHOHBENEIZELU T de Bruijn index %
HOTWS., HHREBOBD n ffdD Well-Scoped
BIHEUTUNZ2ERT .
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data WellScopedTerm (n : N) : Set where
Var : Fin n = WellScopedTerm n
Lam : WellScopedTerm (suc n) —
WellScopedTerm n
App : WellScopedTerm n —
WellScopedTerm n —
WellScopedTerm n

72, BERILLFO@Y THS. ThTHh TVar
1% de Bruijn index \ZEDW /2 RZEETH Y, Tnt
FEETHY, = FEBEZRLTVD.
data Type (n: N) : Set where
TVar: (z: Fin n) = Type n

Tint : Type n
=

: (st: Type n) = Type n

4. Unification

ATk, BHEGRIZ B E 2 D unification (2
DNWTHAND. KHiDWNAIE McBride [3] 23R U
72 hiik% Agda THRELELZEDTHD. MO
unification 1%, EFEIMIAIGER LIV ZF S & A
IZEETDHIEMNTED (7). LH,L, Agda Tl
BEWZIHINBZODITINAT, (EiMEMEEE
INTVWDERBRENRDS.

% Z T McBride & TMUABNEKRIIND 72
Mz, BRI N TOARWZEROBHO & D3
5] LD FIIZEALUA. nflo TEAMLINT
WARWEIZE | % Finn BOHF (ZZT Finn
F025 n—1 FTORFHLRDIERESD
BlAERT.) TREL, TDn 26T I L TE
1EPEDSHA & R D unification 2 EHH LU ~. O
EFUMERE ZDED BRI TREATE 26, £
DD unification (FEEE D ICED . BEERFIC
i, BORIZBIZEEBHET NS hE RS
BAEX check 2L, Thzfdio TiHRINDOHE—1L
T (most general unifier) % 3k % B mgu %
FHT 5.

4.1 EHEEDHD - BWET D

ZOHiTIE, BEBOERIZOWTHRARS, n {H
DIHZER% Finn MTRUTWDIRET, TD 2
FEHOMEICH 72 R BB BHFAINDG L 2ke
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UTCTHIZRIE n+ 1 ffIC8 5. W0 n fEOTZE
MHBHIREET, €D x FHDOALEDORIEEKMN (AR
fbxhd 2L T) HIBRI NS L BIZEIE n—1 I
85, ZOEDIREDGFTIIIEREZRHAL -
DHIERL 72 D) 2 #/E% McBride & thin, thick
EWVSBTRIL TS, (EEMIZIE thin &
TSR EA I N TREDHED 5ND U, I
thick IFEIZHAHIER X N TR PEHE I N5 K
UT®Hhd.) thinz y 3L y 2 2 OMETHEHED
2EDTHD. DFY, o KEOLBIITDOEE
BEIN, ¢ LEOEHIE +1 INTRINDS. £
7z, thin @ FERW 2 TR 2 LERV. EHIE
UTDESI2%5.

thin : {n: N} = Fin (suc n) = Fin n = Fin (suc n)
thin {n} zero y = suc y
thin {suc n} (suc z) zero = zero

thin {suc n} (suc z) (suc y) = suc (thin z y)

¥ 7z, thin @ partial inverse Td % thick 2D\
THHMH2 T 5. thick zy FEE y 2 2 OB
TRMETL2EDTHD. z KEOEHITTDOE E
BIN, 2 FYKRKEIOVEHIE -1 INd. 2 &y
PE U5 E 12 IEHE T E WD T nothing MK 5.
ERIILTFDEDITHD.

thick : {n: N} = (2 y: Fin (suc n))

— Maybe (Fin n)

thick {n} zero zero = nothing

thick {n} zero (suc y) = just y

thick {zero} (suc ()) zero

thick {suc n} (suc z) zero = just zero

thick {zero} (suc ()) (suc y)

thick {suc n} (suc z) (suc y)

with thick {n} z y
.. | just &’ = just (suc z’)

... | nothing = nothing

KX TlE, ZNHDHH thick DAZMHS. thin
1% thick OMWEREZFEHT D & SITHRITLED
[3]-

thick 25 &, IO & S 2% % FHES
5ILMTED. tforad, MEK 21295
&£ 9572 unifier KT, z 12t ERALAEZLIE
B ZARELRD720, 2 UAOEBIZOWTIE
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x T thick INAZRZEHENIKDS.
for_: {n: N} = (¢t: Type n)
— (x: Fin (suc n)) = Fin (suc n) = Type n
_for_ t z y with thick z y
.. | just y’ = TVar y’
... | nothing = ¢

4.2 check

check z t & o BORIZED L + OFIZEND
M % thick Iz FHWTF = 7§ 5B TH 5.
BN T/ 5 nothing 2389, —7, BHNATHZ
rolzb, Bt THONTOWSREHNS v 2L
DIRNT, UL DDBRWRIEREfMioTR ¢ 2K
BTEZIETTHD. check x t %, TORIZKER
ELUT (B2 2t IZBNENS 28NS EE
e LT Ky, BARRZI—-RIZBATDOEDIZ
25,

check : {n: N} — Fin (suc n)

— Type (suc n) = Maybe (Type n)

check z (TVar y) with thick z y

... | just y’ = just (TVar y’)

.. | nothing = nothing

- x BENE (x =y Zo72)

check z TInt = just TInt

check z (s = t) with check z s | check z ¢

.. | just 87| just t’ = just (s’ = ¢’

... | just 8’| nothing = nothing

... | nothing | just ¢’ = nothing

... | nothing | nothing = nothing

B¢ BRIZHE - 7254, thick 2> Tenn
x EFELONEI DEMHRT . FUWGEIEE ¢
IZ x BENAZDT nothing %3 . FU LAY
X, thick UZZKiRE0E UTRY. B¢ A
BRI 5720 ¢ BHENTOVRNDTZEDF K
. OB BB S5, EAMGDORIZ DN
THREL, Y5528 x BENATHAR WD Z R
5. DETHDREBIZOVTOHE DA TR
FARD LN TEDLDIZR D2,

4.3 Most general unifier
RAEERT T —AHMEEL U T, AList 2 €%
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%, AList m n (m, n (ZERE) 1 Im @MORIZE
BEROH) % ITn HOMERZFOM] IZLH
T2EIBRADUTH B,
data AList : N = N — Set where
anil : {m: N} = AList m m
casnoc/_: {m: N} {n: N} —
(o0 : AList m n) = (t’: Type m) —

(z : Fin (suc m)) — AList (suc m) n

anil i, fAIHZMIERNUA, o asnoc t / x I,
FIRAE 2 12t ERALTHS sigma 247
EOBRATH 2,

Iz, flexFlex & flexRigid &\ BE%E 5285
5. flexFlex I3MAE# » & y % unify §2R A%
BTEDTHY, MDEIITEHRIND.

flexFlex : {m: N} = (z y: Fin m) =

2 [n€e N]AList mn
flexFlex {zero} () y
flexFlex {suc m} z y with thick z y
.. | nothing = (suc m , anil)

... | just y’= (m, anil asnoc (TVar y’) / )

z &y BEUNE S D% thick THN, HUE->
FHBDRAE, Eo/26 ¢ & y ILTBRAEK
LTwd. BEBOHZMRELTE< /2D, W]
NDGEELRARDHEBOE 2 AHOETRLT
(YN

flexRigid 13MIZEH « L # ¢ % unify T5/RA
ZETHLDTHD.

flexRigid : {m : N} = (z: Fin m) —

(t: Type m) = Maybe (2 [ n € N ] AList m n)

flexRigid {zero} () t

flexRigid {suc m} z t with check z ¢

... | nothing = nothing

... | just ¢’ = just (m, anil asnoc t’ / )

BRI 2 2 ¢ ITTRAZERTD, ZORA
Izt OFIZEHNTWAEZLITD 2 ENTER
W, TN%E check 2> THNRT NS,
MU E%ZMi>T mgu %3k DK% HEETS.
mgu : {m: N} = (s t: Type m) =
Maybe (2 [ n € N ] AList m n)

mgu {m} st = amgu {m} st ( m, anil)
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mgu st Bls &B ¢t ZHEUICTD LD AR
AZRT. ZITs &t FBEHE m HFFD &
SBITHD. mgu FFERELUT (n, RA) &
SNRT%EIKRY. ZZ T n ik unification 217> 7~
BOMMEHOETHY, RAE m MO %
nHETHSTLIRED (m —n HORIEEIZ
HUTRAZITDED2ED) THD. ZOEHK
X7 Fablb—R%Efio7 amgu 2> TEHEX
nd.
amgu : {m: N} = (st: Type m) =
(acc: Z [n € N] AList m n) =
Maybe (Z [ n € N | AList m n)

amgu TInt  Tlint acc just acc
amgu TInt (¢ = t1) acc = nothing
amgu (s = s1) TInt  acc = nothing

amgu (s = s1) (t = t1) acc  with amgu s ¢ acc
| just acc’
= amgu s t1 acc’
| nothing = nothing
amgu (TVar z) (TVar gy) (s, anil)

(s, anil) = flexRigid z ¢

just (flexFlex z y)
amgu (TVar z) t
(TVar ) (s, anil) = flexRigid = t

amgu {suc m} st (n, 0 asnoc T/ z2)

amgu t

with amgu {m} ((rfor 2) < s) ((rforz)<t) (n, 0)
.. | just (n’, 07) = just (n’, 0 asnoc r/ z)

... | nothing = nothing

ZAUIEL s &t OFEEIZHE > THIEIT unification
EIOBBTHD. KA, 3 ANEERE -
7235413 flexRigid, flexFlex % {# - T unification
#2175, BEOT—AIHTL % (r for 2) <5 13,
B s OHRORIZEKETIZDOWT (r for 2) ZiEL
7Bl % RT.

B&IZ, BRROIHE D /2O mgu & unify
CVIOHLFITHERL TH L. TN T unify ¢1 2
XS m A TH2 &S 2M t1 & 2 % unify
THRAZBIEE UTEENTE .

unify : {m : N} — Type m — Type m —

Maybe (2 [ n € N ] AList m n)
unify {m} t1 t2 =
mgu {m} t1 t2
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5. Type Inference

ARORHEFRTIX, algorithm W [2] D HAHDIR
NEGHT S, BARRIZIE, BEBEE Y Well-Scoped
BHs b H6->TIEb, s DEEBEZRA%
Maybe £ F RIZEA TR I InferW % 5%
5.

inferW : {mn: N} = (I' : Cxt {m} n) =

(s : WellScopedTerm n) —
Maybe (X [ m’ € N
AList (m 4 count s) m’ X Type m’)

Z Z T count s I& WellScoped 2IH s DHIZE F
Nd Lam & App D/ — REZHAEETH
5. INHD ) —RETUIIH LT, ZhTNHL
WHIZHIN G Z B, BIHEGRAED .

count : {n: N} = (s: WellScopedTerm n) = N

count (Var z) = zero

count (Lam s) = suc (count s)

count (App s s2)

count s + suc (count s2)

s IFmAT n HOBHEHZFEDH, TIETOn
ZOHHBERDM % 5 % 5 RUBREE, MEREF D&
BUIHRRT m OBz ELEDTHY, Z
DIREET inferW Z2IE3R &, &RHT count s fHD
TR 72 \ZE) S THNT, BRI s (28
MOV S nothing, s ICZBMBD RS just
(m!, 0, T) BESTL B, ZITTik s DETH
Km' HOMEHZEL. £/-olk, LD m+
count s fHDORZEK % m' HETHLITNAATD
5., ZITES>THEBERIE o T ol Fe: T %
7290, FORRIEARTIXITHOR .

5.1 Variable
ZBREOGEE, BICHBREOHOMZRY. K
ANIARET, MEHOBUZE ZEIZR.
inferWW {m} I' (Var z)
rewrite 4-right-identity m =

just (m, anil , lookup z I")
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5.2 Lambda
XIZ, Lambda DBETHD.
inferW {m} I (Lam s)
with inferWW
(TVar (fromN m) = liftCxt 1 I") s
- TVar (fromN m) »35[(DH
.. | nothing = nothing
- s IZHEID DM NS 72

. |just (m’, o

, t) rewrite +-suc m (count s)

just (m’, 0 , substType o
(liftType2 (count s) (TVar (fromN m))) = )
- TVar (fromN m) = t %% Lam s D%

Lambda O%&1%, £79 body Mo OREIHEw %17
5. TOBE, 5IBORE L THER m 2 HW5.
INETRBEHETICIE 025 m—1 TORIZE
UDMEDN TRV ROT, m & Uiz
Bensd., 22T, liftCxt 1 TIET i BIZRKD
BE 1 HEPIHEKTHS. body HoIZRIA DN
Bolzb, & UTEEB DN,

body A IZEDF N2 S T5HDEI= body D
B PO THL. 72720, TOB, count s
A DR 2R 7 IZE D k> TWDHDT, €D
EIF-> T RAKDOB % lift Type2 %> T
B LT3, %7, SDMOMZHIE body %
BRI BRI N TV S 2EHNBR VDT,
RA o ZHEL TS,

5.3 Application
BRERICBEBEAICB I 25ETHS. App sl s2

& RDORHEGRIE, HBED 9 s1 & s2 OALHE

ATV, RIT s1 DB [s2 DRI B | 2R

TWb I LRI LIIETITD. LVHEHLIEM

TDEIIIED.

(1) ELoiz, HREIFCHU inferW {m}I'sl T
o1l F sl:tl 2% o1, tl BMEHNDB.

(2) T s2 IZDOWTDRNEETHA, ZORT
3B oy T DIET sl OHAY inferW {m,}
['s2R5DT, og2(o1 ) F 82 : 12 4%
o9, 12 MEEND. T THELNZ 0y % 1.
TRONZBHEIET IS L, oo(0q 1) F
sl : og(tl) &2 5.
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(3)WIZ, ao(tl) = 12 = B (ZZTRIFH LV
RIZH) L7522 unify o3 2KDD. £5F 3
&, o3(o2(tl)) = 03(t2 = B) £&Y, o3 %
2. TRLNTND 32D DR E I #E T
&,

o3 (o2 (01 T)) F sl : a3 (02 (£1))
o3(oa(01 1)) F s2: o3(2)

PEOND. T 2H 5 BBGEH ORI % £
2L, o3(0a(01 1)) - App sl 52 : a3(8)
["ond.
(4) &>T, App sl 2 DURTEDIL just (mo,
o3+(oo+01), 03(B)) £745.
UEZI—RIZULZDDBUTTHS.

inferW {m} T" (App s1 s2)
with inferW T" s1
... | nothing = nothing
- s1 ZEIROME Mo T
.. |just (m1, 0 1, t1)
- s1 O ¢1
with inferW (substCxt o 1
(liftCxt2 (count s1) 1)) s2
.. | nothing = nothing
- 52 IZHIRON Rz
oo | just (m2, 0 2, t2)
- 52 OMNR t2,
- m2 % App s1 s2 OEVEDORIZE) K TS
with unify (liftType 1 (substType 0 o
(liftType2 (count s2) t1)))
(liftType 1 t2 = TVar (fromN m2))
... | nothing = nothing
- unify TIX 4o/
... | just (m&, 0 3)
rewrite sym (+4-assoc m
(count s1) (suc (count s2)))
with liftAList2 1 0 o
... | 0 27 rewrite sym (4-suc m1 (count s2))
with liftAList (suc (count s2)) 0
| 017 =
just (m&, 0 3 +4+ (0 27 +!+ 0 1),
substType 0 3 (TVar (fromN m2)))

ZIZT, ++ XSO0 RARETIEKT
H5.
ZDIA—RTI, ERITIMATI SICBEHD
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BaEMA<HERELTWS., BAKROBUIE, TR
NIAFEDHEMTIE m THD. sl #HHERHT D05
FCTENIE mAcount s1 T X DA, BHERT
IO BRI Y ml L85, RIZ, s2
& IHER S D AT mltcount s2 ETHX DM
3D BHERR P IC AR OBBESEZ Y m2 &
BB, XL, BEEYBTLZDOT m2+ 1 i
W2, ZIMh56HEED unification T m3 fEIZK
5Ll B. ZDLSIT inferW TIXEIZEHD
BOEDLYZETLLX22 2 THHfwREIT>T
W5,

6. F&H

AIfFETIE, Agda % H\\ T Simple-Typed
Lambda Calculus ¢ unification @ £ % %
McBride DT [3] 12 & VSR L, Mooz
o7, SRBIIHERAE LW LD RFIHZ 50
T FEE R TV BARIZIE, WellScoped Term
%% 5275 WellTypedTerm (¥H A L BIfFIF X
NzHE) &2ETEETHS. WellTypedTerm D
EBRIFLATDEDITRS.

data WellTypedTerm {m n: N} (I" : Cxt n) :
Type m — Set where
Var : (z: Fin n) = WellTypedTerm I (lookup = I')
(t: Type m) = {t’: Type m} —
WellTypedTerm (¢t :: ") ¢’ —
WellTypedTerm I" (¢t = t)
App: {tt’: Type m} —

WellTypedTerm I' (¢ = t’) —

WellTypedTerm I' ¢t = WellTypedTerm I' ¢’

Lam :

¥ 72, Syntax OEEE UTIE, ZHOD Let X%
BOLEBIIDONTEFE LA AT > TOE 20,

S Xk
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